Abstract. We present parametric equations for the curve x n + y n = 1 with even exponents, in terms of the double area of the sector bounded by the arc between (1,0) and (x, y) and the radius vectors of these points. We determine also the area enclosed by this curve.
Introduction
The curves x n + y n = 1 with even exponents have been studied by different authors in different aspects. In [1] R. Tardiff has examined these curves with regards on some geometrical properties. A. Levin studying the curve x 4 + y 4 = 1 in [2] found infinite product for the lemniscate constant L corresponding to the Viete's product for IT. Moreover he defined some functions c(ip), s(<p) parametrizing the curve x 4 + y 4 = 1 and such that the area of the sector between the points (0,0), (1,0) and (c(tp), s ((p) ) is equal to ^¡p. These functions yield some analogues of the classical sine and cosine functions. The author showed also, that the squares of the function c(ip) and s((p) may be expressed with the aid of Weierstrass' gamma function; moreover, some addition formulas for these functions are obtained, as well. We have studied the curves x n + y n = 1 with regards on a possibility of generalization of the sine and the cosine functions. In [3] we have presented some functions x = f(t), y = g(t) satisfying the equation x n + y n = 1 and an additional system of functional equations. Some of these functions were named the generalized sine and cosine functions, because they satisfy a system of functional equations corresponding to the well known system of the equations for cos(i + z), sin(i + z) in the case where n = 2. In this paper we shall show that some functions x = f(t),y = g(t) presented in [3] coincide with the Levin's functions c(t), s(t) (at least in some interval from which the variable t is taken) in the case where n -4. Moreover, we will present some 90 I. Fidytek equivalents of the c(cp), s(</?) for the curve x n + y n = 1 when n is even and n > 4. Finally, we shall find the area of the figure enclosed by this curve. We denote by r the radial coordinate and by t the angular coordinate of the point (x, y) belonging to this curve. Moreover, we suppose that the area of the sector between the points (0,0), (1,0) and (x,y) is equal to It is easy to show that the following functions: (2) ,, . cos t . . sinf
for t G R, parametrize the curve (1). Moreover /, g satisfy the following system of functional equations
where
for t, z e K (see [3] ). Obviously, if k = 1, then w(t,z) = 1 for all and (3) coincides with the system of equations for cos(i + z), sin(t + z).
Observe that the square of the radial coordinate r of the point (x, y) = (f(t),g(t)) is given by the following formula:
for t G R.
In the sequel we suppose that the angular coordinate t of the point (x, y) belonging to the curve (1) is a function of ip, i.e. t = a(<£>) and t G (0; 2ir), <p € (0; 2^2/C), where A2k denotes the area enclosed by the curve (1) and 5<p denotes the area of the sector between the points (0,0), (1,0) and (x, y). Obviously ix,y) = if it), git)), where f,g are defined by (2) . Then t = aiip) is a increasing function mapping the interval (0; 2A^k) onto the interval (0; 27r) and such that y7r = a for m G {0,1,2,3,4}. In the sequel we shall show that t = a(<p) is a differentiable function. -du dp = ---S dp CO« Vp^+1 Therefore in the case where k = 2 the function 7: = b~l coincides on the interval (0; 5^4) with the well known Weierstrass' elliptic function satisfying the following differential equation:
(13) ( 7 '(*)) 2 = 4( 7 ( 2 )) 3 + 4 7 (Z).
For k > 2 we consider a function G : (0; \A 2 k) ~> (0; 00) inverse to b, i.e.
Therefore G satisfies the following differential equation:
Putting k = 2 in (16) we obtain (13). Consequently, we infer that (17) G -7 in the case where k = 2.
We observe that, if the area of the sector between the points (0,0), (1,0) and (x,y) is equal to ^ip and t € (0, is the angular coordinate of this point (x, y) then by (6) and (7) we obtain: , Proof. Let G : (0; \A2k) -> (0; oo) be the function defined by the formula (14). Suppose that the area of the sector between the origin (1,0) and a point (x, y) of the curve x 2k + y 2k = 1 is equal to \<p and t G (0; 2ir) is the angular coordinate of this point (x,y). By (20) we obtain (25) t = arccoty/G{<p) for (p G ^0; ^Mk^ , t G ^0; ^ .
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This and the symmetry of this curve imply that t = a(<p) for <p G (0; 2A2k), t G (0;27r) where the function a is defined by formula (22). From here and from (2) we infer that the functions: x = C (<p), y = S (ip) defined by (21) for <p G (0; 2A2k) parametrize the curve x 2k +y 2k = 1. Now, Theorem 1.1 in [3] implies that the function C, S satisfy (23) if only (p,ip,<p + ip G (0; 2A2k) and £ = a -1 (a (ip + ip) -a (y)). we obtain (29). Thus the proof has been completed.
